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Multiscale Structure Tensor for Improved Feature
Extraction and Image Regularization

V. B. Surya Prasath , Rengarajan Pelapur, Member, IEEE, Guna Seetharaman, Fellow, IEEE,
and Kannappan Palaniappan, Senior Member, IEEE

Abstract— Regularization methods are used widely in image
selective smoothing and edge preserving restoration of noisy
images. Traditional methods utilize image gradients within regu-
larization function for controlling the smoothing and can produce
artifacts when noise levels are higher. In this paper, we consider a
robust image adaptive exponent driven regularization for filtering
noisy images with salient feature preservation. Our spatially
adaptive variable exponent function depends on a continuous
switch based on the eigenvalues of structure tensor which iden-
tifies noisy edges, and corners with higher accuracy. Structure
tensor eigenvalues encode various image features and we consider
a spatially varying continuous map which provides multiscale
edge maps of natural images. By embedding the structure tensor-
based exponent in a well-defined regularization model, we obtain
denoising filters which are capable of obtaining good feature
preserving image restoration. The GPU-based implementation
computes the edge map in real time at 45–60 frames/s depending
on the GPU card. Multiscale structure tensor-based spatially
adaptive variable exponent provides reliable edge maps and
compared with standard edge detectors it is robust under various
noisy conditions. Moreover, filtering based on the multiscale
variable exponent map method outperforms L0 sparse gradient-
based image smoothing and related filters.

Index Terms— Image restoration, structure tensor, variable
exponent, anisotropic diffusion.

I. INTRODUCTION

IMAGE structure extraction and regularization are two
important tasks in any image processing pipeline. Various

image features such as edges and corners are need to be
extracted, and these features are need to be reliably computed
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even under noisy scenario. Edge detection is one of the classi-
cal feature extraction problem which has been studied widely
in the literature [1]–[11], see [12], [13] for methodological
reviews. Extensions of edge detection to color or multispectral
images detection has also been explored [14]–[18]. Many
of these edge detection methods rely on gradient computa-
tions. Structure tensor based exponents are an alternative to
gradient based edge detectors as they are robust to noise
and can provide information about intrinsic 1D (edges) and
2D (corners) image structures. Structure tensor based feature
detectors [19]–[21].

Recently, there have been numerous attempts to reconcile
the Tikhonov and TV regularizers so as to maximize their
noise removing and edge preserving capabilities while simul-
taneously avoiding artifacts in the final results. Among a wide
variety of approaches, we mention the anisotropic diffusion
partial differential equation (PDE) [22] based approaches such
as coupled systems [23], fractional order diffusion coeffi-
cients [24]. There have been efforts to make the general
p-regularization model adaptive, that is to make the exponent
p smoothly vary in the interval [1, 2] depending upon pixel
locations [25]–[28]. Ideally one wants p = 1 at edge pixels
and p = 2 at noisy/flat regions and a smoothly varying
exponent function to avoid irregular jumps in the restored
image. Due to the dependency on noisy gradient maps as edge
indicators many of the improvised methods proposed before
suffer similar artifacts as in TV regularization. Thus, there
is a need for a smooth exponent which can avoid artifacts
at the same time provide a stronger edge map in which
the regularization can be used adaptively. Recently, structure
tensor is advocated as an interesting alternative for gradient
based regularization [29], [30].

In this paper, we consider a structure tensor driven adap-
tive exponent map which is based on various image fea-
tures. By utilizing a spatial variable adaptive exponents with
eigenvalues we obtain robust edge maps. We further use a
unified variable exponent regularization for image filtering
and regularization. By utilizing multiscale eigenvalues from
the structure tensor and deriving an spatially varying expo-
nent based on homogenous, corners, and edges identifica-
tion, our regularization provides significantly better restoration
results. We utilize a multiscale selection strategy [31] and our
approach is extended to handle color images using vectorial
structure tensor formulation. Edge detection is a classical
image processing problem and majority of the traditional edge
detectors (Canny [1], Nalwa-Binford [2], Iverson-Zucker [3],
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Bergholm [4], Rothwell et al. [5], Prewitt [6], Sobel [7],
Roberts [8], Marr-Hildreth (Laplacian of Gaussian) [9]),
Haralick [10] are all based on gradients or smoothed gradients
of images [32]. However, computing gradients in noisy data
is ill-posed and though pre-smoothing with a Gaussian fil-
ter can make edge identification robust, it can cause the
delocalization of edges. Other statistical [11] or dynamical
systems [33], [34] based edge detectors overcome limitations
of the traditional gradient based methods but are very time-
consuming, thereby making them not feasible for processing
high-res imagery. In contrast, SST eigenvalues provide stable,
and robust features for obtaining reliable edge maps with
limited computational times. We provide extensive compar-
ison results in edge detectors of gray [1]–[11], [33], [34]
and color [14]–[18] images. Performance is compared using
the gradient magnitude similarity deviation, F-measure, edge
peak signal to noise ratio, Dice coefficient error metrics on
synthetic, and natural images from different datasets. Overall,
the results show that with multiscale structure tensor exponent
map provides robust edge detection results. Moreover, com-
pared with other color gradient-based edge detectors we obtain
highly accurate edge maps without missing chromatic edges.
Further, we show that using the proposed exponent map in
a variational - PDE model obtains better noise removal and
image selective smoothing compared to modern filters such as
local extrema [35], bilateral [36], weighted least squares [37],
sparse L0 regularization [38].

We organized the rest of the paper as follows. Section II
introduces our multiscale structure tensor adaptive variable
exponent map for edge detection and regularization. Section III
illustrates the advantages of our method in edge detection and
image restoration, in particular with sparse L0 regularization.
Finally, we conclude the paper with remarks in Section IV.

II. STRUCTURE TENSOR EXPONENT MAP DRIVEN

EDGE DETECTION AND REGULARIZATION

A. Adaptive Smoothed Scale Space Structure
Tensor Edge Map

Let u : � → R be the gray scale image. The smoothed
structure tensor (SST) is a 2 × 2 matrix computed at every
pixel (x, y) ∈ � and is given by,

Kσ (u(x, y)) = Gσ � (∇u ∇uT ) (1)

=
[

Gσ � u2
x Gσ � uxuy

Gσ � uyux Gσ � u2
y

]
(2)

where superscript T is the transpose. Here we assumed that
the images are in the continuous domain, that is R is the set of
real numbers, � denotes the 2D convolution operation, and Gσ

is the Gaussian kernel Gσ (x) = (σ
√

2π)−1 exp(−|x|2/2σ 2),
for x ∈ R

2 with σ > 0 the scale parameter. Note that the
SST entries are positive and the matrix Kσ is symmetric and
positive semi-definite provided that there are enough gradient
samples in the neighborhood. Let the eigenvalues of the SST
to be (λ+(x, y, σ ), λ−(x, y, σ )) which are the maximum and
minimum respectively and λ+ ≥ λ−. The eigenvalues encode
local information on σ neighborhood and can provide robust
feature detections [39]–[42].

We consider the following exponent function based on the
eigenvalues of the SST,

p(x, y, σ ) = 1

+ exp

[
−α1

(
λ+(x, y, σ ) − λ−(x, y, σ )

k + λ+(x, y, σ ) + λ−(x, y, σ )

)2]

× exp

[
−α2

(
λ+(x, y, σ )

k + λ−(x, y, σ )

)2]

× exp

[
− α3

(
λ+(x, y, σ ) λ−(x, y, σ )

k + λ+(x, y, σ ) + λ−(x, y, σ )

)]
(3)

where a small parameter k > 0 is added for numerical stability.
Note that we use the notation p(x, y, σ ) to indicate that
the eigenvalues of the SST matrix (1) are computed for a
particular scale σ > 0 at the pixel location (x, y) ∈ �. Thus,
the spatially varying multi-feature exponent map (3) is written
succinctly as,

p(σ ) = 1 + exp

(
−

3∑
i=1

αi Ci (σ )

)
(4)

where αi ≥ 0 (i = 1, 2, 3) are parameters. We now look at the
individual terms that make up the spatially varying exponent
map in detail1:

1) The first term:

C1(σ ) =
(

λ+(σ ) − λ−(σ )

k + λ+(σ ) + λ−(σ )

)2

(5)

is known as coherence measure. The values of C1 be
closer to one in edge pixels, and will be close to zero
in homogeneous or noisy regions.

2) The second term:

C2(σ ) =
(

λ+(σ )

k + λ−(σ )

)2

(6)

functions as an edge indicator since λ+ will be large
and λ− small at image locations with strong gradients.

3) The third term:
C3(σ ) =

(
λ+(σ ) λ−(σ )

k + λ+(σ ) + λ−(σ )

)
(7)

captures information about image corners where
two strong edges intersect. We note that C3 =
det Kσ /(traceKσ )2 is the harmonic mean of the eigen-
values. This term is related to classical corner measures
such as Förstner [19], Harris [20] and Noble [21] and
emphasizes local corner structures which contain high
spatial frequencies along two oriented directions.

Table I provides a classification of different image features
(corners, edges, flat regions) in terms of the eigenvalues and
different components used in (4).

Remark 1: Another component could have been utilized
in (3) is the following,

exp
[
−α4(λ+(σ ) + λ−(σ ))2

]
(8)

which captures edge features and is related to the Frobenius
norm of the SST.

1We drop the pixel location (x, y) ∈ � to simplify our presentation.
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TABLE I

STRUCTURE TENSOR EIGENVALUES BASED COMPONENTS INDICATE DIFFERENT IMAGE FEATURES. WE SHOW C1 , C2 , C3
AND EXPONENTS C1e = exp(−C1), C2e = exp(−C2), C3e = exp(−C3) FOR DIFFERENT IMAGES FEATURES

Extending the variable exponent model to the multichannel
(color images, N = 3 is considered here, but for general
multispectral images, N > 3 is straightforward) is done as
follows. We let u : � → R

N be the multichannel image
u = (u1, u2, . . . , uN ). Then the definition of the multichannel
SST is given by,

Kσ (u) = Gσ �

N∑
i=1

∇ui (∇ui )T (9)

whereas before (see (3)) we compute the variable expo-
nent pm(σ ∗) using the eigenvalues of Kσ . Another
option is to use channelwise exponent maps pc(σ

∗) =
(p1(σ ∗), p2(σ ∗), p3(σ ∗)), which gives a RGB edge image.

B. Multiscale Analysis of the Structure Tensor Edge Map
It is well-known that natural images have objects of varying

scales. Thus, we utilize a multiscale estimation of the eigen-
values from the SST [30],

σ ∗ = arg max
σ∈[σl ,...,σL ] |λ+(x, y, σ )| (10)

where [σl , . . . , σL ] is the range of scales used. We denote cor-
responding eigenvalues (λ∗+, λ∗−) and eigenvectors (e∗+, e∗−) for
which the maximum in (10) is attained. Thus, the multiscale
version of the exponent map (4) is given by,

p(σ ∗) = 1 + exp

(
−

3∑
i=1

αi Ci (σ
∗)

)
. (11)

This function is a robust, multiscale, spatially varying expo-
nent map, and indicates edge stength in a given image.

Remark 2: The maximum scale response over the exponent
p(σ ) can also be undertaken (see for e.g. Frangi et al. [43]).
That is consider the maximum response of the exponent
map (3) over a range of scales,

σ ∗ = arg max
σ∈[σl,...,σL ] p(σ ). (12)

In edge detection and image denoising maxing over the
exponent map p(σ ) is not required because we are looking for
an exponent between 1 and 2 and not for detecting a specific
structure like thin lines of different scales.

Table II shows different image structures and their corre-
sponding SST eigenvalues λ∗+, λ∗−, the terms Ci (5-7), and the
final edge map by p(σ ∗) in (11). Note that these images are
used without noise and we will see in Section III-A that the
SST based edge map p(σ ∗) is robust across different noise
levels.

By utilizing eigenvalues of the SST in a fused spa-
tially continuous exponential map (11), and applying the

TABLE II

DIFFERENT NOISE-FREE IMAGE STRUCTURES AND THEIR

CORRESPONDING SMOOTHED STRUCTURE TENSOR EIGENVALUES
λ∗+ , λ∗− , THE COMPONENTS Ci , i = 1, 2, 3, AND THE EXPONENT

MAP p(σ∗) (11). THE INPUT NOISE-FREE IMAGES ARE GIVEN

IN JET COLORMAP FOR VISUALIZATION AND ALL THE

IMAGES ARE GIVEN IN [0, 1] RANGE. Kσ COLUMN
IS A PLOT OF THE ELLIPSES CHARACTERIZING

THE EIGENVALUES AND EIGENVECTORS

OF THE LOCAL STRUCTURE TENSOR

MATRIX WITH σ = 4. THE
PARAMETERS USED IN THE

EXPONENT MAP p(σ∗)
ARE k = 0.005, SCALES
[σl , . . . , σL ] = [1, . . . , 4]

post-processing (non-maximal suppression, hysteresis thresh-
olding) we obtain a multiscale edge detector which works well
for noisy images. The exponent map p(σ ∗) can be thought of
as a measure of edge strength [11]. Algorithm 1 shows the
overall edge detection method. We evaluate the edge detec-
tion results by replacing the gradients used for non-maximal
suppression in grayscale image Canny edge detector [1] with
color image gradients, and our multichannel variable exponent
map pm(σ ∗).

C. Variable Exponents and Adaptive Diffusion
Coefficients in Variational - PDE Models

The L p (1 ≤ p ≤ 2) regularization flows are widely
used in image processing and in this paper, we focus on
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Algorithm 1 p(σ ∗) Map - Canny Edge Detection

generalizations to a variable exponent term that it is spatially
adaptive, automatically self-tuning the degree of restoration,
p ∈ [1, 2], based on different local structures. This property
has been exploited in our previous work [30] to obtain a
variable exponent regularization method for efficient filtering
and noise removal. We briefly recall the filtering approach and
corresponding PDE models next. The general spatially variable
exponent map based variational energy minimization model is
given by,

min
u

E(u) =
∫

�
|∇u|p(x,y) dx dy

+ μ

2

∫
�

f (u(x, y), u0(x, y)) dx dy. (13)

The spatially varying exponent map p(x, y) needs to reflect
salient edges in the given image so as to constrain diffusion
flow along discontinuities and not across edges.

One of the earliest works in devising a spatially adaptive
exponent based regularization is due to Blomgren et al., [25]
who studied improvements of the classical TV regularization
to avoid staircasing artifacts. Blomgren et al. [25] used the
following exponent map,

p(x, y) = 1

1 + k |∇Gσ � u0(x, y)|2 . (14)

As a natural extension of (14), Bollt et al. [27] used
smoothed gradient of the unknown image function in the

Algorithm 2 Nonmaximum Suppression and Hysteresis
Thresholding Used in Algorithm 1

exponent function

p(x, y) = 1

1 + k |∇Gσ � u(x, y)|2 ,

and studied its well-posedness. Another important class of
adaptive exponent map was proposed by Chen et al. [26] who
considered the following energy minimization,

min
u

E�(u) =
∫

�
�(x, y,∇u(x, y)) dx dy

+ μ

2

∫
�

f (u(x, y), u0(x, y)) dx dy (15)
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with the regularization function given by,

� =

⎧⎪⎪⎨
⎪⎪⎩

1

p(x, y)
|∇u(x, y)|p(x,y) if |∇u(x, y)| < 	,

|∇u(x, y)| − 	p(x, y) − 	 p(x,y)

p(x, y)
if |∇u(x, y)| ≥ 	,

where 	 > 0 is a fixed parameter. The exponent map is
chosen as,

p(x, y) = 1 + 1

1 + k |∇Gσ � u0(x, y)|2 , (16)

where k > 0 is another parameter. The parameter 	 > 0
decides the regions where different regularizations are applied
and at higher gradient values edge preserving TV regular-
ization is used. Li et al. [28] used the exponent map (16)
within regularization method (13). They studied the mini-
mization problem in the Musielak-Orlicz variable exponent
space W 1,p(x,y) and when p(x, y) → 1 the analysis was later
solved in [48]. Chen et al. [47], used difference curvature as
an exponent map,

p(x, y) = 2 −
√

D, D = D

Dmax
, D = ∣∣∣∣uηη

∣∣ − ∣∣uξξ

∣∣∣∣ ,
(17)

where

uηη = u2
x ux x + 2uxuyuxy + u2

yuyy

u2
x + u2

y

and

uξξ = u2
yux x − 2uxuyuxy + u2

xuyy

u2
x + u2

y
,

represent the second derivatives in the direction of the gradient
∇u and in the direction perpendicular to ∇u, respectively. The
difference curvature D can distinguish flat and ramp regions
based on its values.

Structure tensor based exponents are an alternative to gradi-
ent based methods as they are robust to noise and can include
information about corners as well. Zeng et al. [29] used the
eigenvalues of the structure tensor,

p(x, y) = 1 − exp (−a γ (x, y)) (18)

where γ (x, y) = λ+(x, y, σ ) − λ−(x, y, σ ). Recently, in [30]
the authors provided an unified approach to image regulariza-
tion using structure tensor eigenvalues based on well-defined
multiscale exponent map. Detailed mathematical analysis of
adaptive exponent minimization problems are a bit involved
as variable exponent spaces require many fine properties of
measure theory [49].

The variable exponent regularization (13) gives rise to the
following PDE,

∂u(x, y, t)

∂ t
= div

(
|∇u(x, y, t)|p(x,y)−2 ∇u(x, y, t)

)
− μ(u(x, y, t) − u0(x, y)), (19)

with u(x, y, 0) = u0(x, y) as the initial condition, and
artificial ‘time’ variable t > 0, cf. [50]. This PDE belongs
to the class of anisotropic diffusion models proposed by

Perona and Malik (PM) [22]. The original PDE model for
image restoration proposed by [22] utilizes a gradient based
diffusion coefficient,
∂u(x, y, t)

∂ t
= div (D(|∇u(x, y, t)|)∇u(x, y, t))

− μ(u(x, y, t) − u0(x, y)). (20)

Thus, we see that diffusion coefficient in variable exponent
based PDE (19) is

D = |∇u(x, y, t)|p(x,y)−2 . (21)

The original choices of the diffusion coefficient D(·) by
Perona and Malik [22] are,

D1 = exp

(
−|∇u(x, y, t)|2

k2

)
, (22)

D2 =
(

1 + |∇u(x, y, t)|2
k2

)−1

, (23)

where k > 0 is a tunable parameter and is known as the
contrast parameter. The main idea is to utilize an edge
indicator function for D to diffuse along edges and not across
them. This requirement makes the PM PDE (20) ill-posed [51]
and one of the important approaches in remedying that is by
Catté et al. [44] who used the smoothed version of gradients
(|Gσ � ∇u(x, y, t)|) in D1 and D2 in Eqns. (22). Though
this approach alleviated the ill-posedness of the Perona-Malik
PDE (20) the introduction of isotropic Gaussian smoothing
within the divergence is against the principle of anisotropic
diffusion. Moreover, depending upon the noise level and the
value of pre-smoothing parameter σ > 0 edge blurring and
dislocations can occur. To avoid these drawbacks, recently
there have been efforts to include spatially adaptive diffusion
coefficients. Guo et al. [45] proposed the following adaptive
diffusion coefficient,

D = 1

1 + (|∇u| /k)α(x,y)
(24)

with

α(x, y) = 2 −
(

2

1 + K |∇Gσ � u0(x, y)|2
)

, (25)

where K > 0 is a parameter. Recently, Zhou at al [46]
proposed a double degenerative diffusion coefficient,

D = 2 |u|α
Mα + |u|α

1

(1 + |∇u|2)(1−β)/2
, (26)

where M = sup(x,y)∈� u(x, y), α > 0, 0 < β < 1 are
parameters.

All the aforementioned variable exponents are based on
either ad hoc choice of parameters or typically gradient based,
i.e., p(x, y) = p(|∇u(x, y)|) or D(x, y) = D(|∇u(x, y)|).
Thus, the edge maps given by these can inherit various prob-
lems associated with classical gradient based regularization
such as blocky artifacts in flat regions [52], edges disloca-
tion due to pre-smoothing [53], corners smoothed out [54].
To see this, we consider in Figure 1 noisy Lighthouse image
which consists of various features and various edge indicator
functions. As can be seen, when the noise is present these
gradient based edge indicator functions are either oscillatory
or dislocate edges.
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Fig. 1. Variable exponents and diffusion coefficients as edge maps for (top row) noise-free, and (bottom row) noisy Lighthouse images, size 830 × 597.
(a) Original and noisy (Gaussian noise σn = 30) (b) PM [22], D2 in (22), (c) Catte et al. [44], D2(|Gσ � ∇u(x, y, t)|), (d) Guo et al. [45], (24),
(e) Zhou et al. [46], (26), (f) Chen et al. [26], (16) (g) Chen et al. [47], (17) (h) Zeng et al. [29], (18) (i) Our proposed (11). In each sub-figure we
show the GMSD values, which is an edge quality metric.

D. Filtering With Structure Tensor Edge Map

In this work, instead of a gradient based exponent or
adaptive diffusion maps to drive the regularization we consider
eigenvalues from adaptive structure tensor as feature indica-
tors. The edge map computed in previous section (11) can
be embedded in variational regularization and PDE flows for
selective smoothing and image restoration,

min
u

E(u) =
∫

�
|∇u(x, y)|p(σ ∗) dx dy

+ μ

2

∫
�
(u(x, y) − u0(x, y))2 dx dy. (27)

The quadratic data fidelity term in Eqn. (27) is by assum-
ing the additive Gaussian noise2 corrupted input image u0.
To implement the variable exponent model in (27) we use the
corresponding Euler-Lagrange equation with an artificial time
variable,

∂u(x, y, t)

∂ t
= div

(
|∇u(x, y, t)|p(σ ∗)−2 ∇u(x, y, t)

)
− μ(u(x, y, t) − u0(x, y)) in � × (0,∞),

(28)

u(x, y, t) = 0 on ∂� × (0,∞), (29)

u(x, y, 0) = u0(x, y) in �. (30)

This is an inhomogeneous p(·)-Laplacian PDE, and the exis-
tence result may be proven via a sub-differential approach,
cf. [30]. The above time dependent PDE flow paves the way
to relate to the concept of scale-space {u(x, y, t)}T

t=0 (T is
the terminal time) and is related to the classical Perona-
Malik [22] anisotropic diffusion. We denote by D-MTTV the
dynamic multiscale Tikhonov-total variation based PDE (28)
with exponent p(σ ∗) from (11) computed at every iteration.
The following image features are adaptively handled by the
above image regularization (27) with SST based exponent map
defined in (11):

• If 0 
 λ− ≤ λ+, then a corner is present as both
eigenvalues are large and p(x, y, σ ) → 1 which in turn
implies that corner points are not smoothed out with C1
large and C3 ≈ 1.

2Additive noise, u0(x, y) = u(x, y) + n(x, y). Noise follows a Gaussian
distribution with mean zero and variance σ 2

n , i.e., n(x, y) ∼ N (0, σ 2
n ) =

(σn
√

2π)−1e(−(x2+y)2/2σ2
n ).

Fig. 2. Comparison of modern filters on a noisy Steps image provided
in Farbman et al. [37]. (a) Color visualized noisy input, (b) Local extrema
filter (LEF) [35], (c) Bilateral filtering (BLF), σs = 12, σr = 0.45 [36],
(d) Weighted least squares (WLS), α = 1.8, λ = 0.35 [37], (e) L0 gradient
minimization (LGM), κ = 1.05 [38], (f) Proposed D-MTTV method, αi = 2
(i = 1, 2, 3).

• If 0 ≈ λ− 
 λ+, then an edge is present and
p(x, y, σ ) → 1.135 = (1+1/e2), thus object boundaries
are preserved with C1 ≈ 0 and C3 ≈ 1.

• If both λ+, λ− ≈ 0, then it represents homogeneous or
noisy regions and p(x, y, σ ) → 2 which implies stronger
smoothing and hence the noise is removed from flat
regions with C1 ≈ 0 and C3 ≈ 0.

Wellposedeness of the variational (27) and PDE (28) with the
adaptive exponent defined in (11) can be obtained following
the arguments in [30] and is omitted here.

Figure 2 shows comparison with some modern denois-
ing and decomposition filters on a synthetic piecewise con-
stant image. This image was created by adding with several
step edges of different magnitudes, and it contains noise at
two different scales. Following [37] we visualize the image
intensities using a color map. Figure 2(b-e) show results of
methods based on local extrema (LEF) [35], bilateral filter
(BLF) [36], weighted least squares (WLS) [37], and L0 gra-
dient minimization (LGM) [38] with our proposed exponent
map based variational-PDE (see Section II-D, Eqns. (27-28))
approach. Note that by L0 gradient we mean the ∇u0 which
is not a norm and computes the locations where the gradient
is non-zero. By minimizing this term LGM [38] method
explicitly controls the number of jumps in images. Though
the LGM filter [38] provides good result visually, a closer
look reveals problems near the edges and there are spurious
isolated pixels exist in flat regions.

We consider filtering noisy synthetic image for different
parameter settings in Figure 3 for L p gradient minimization
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Fig. 3. Sensitivity to parameters for L0 [38], L1 [55], L2 [56], and
our L p(·) gradient based methods. We show the restoration results on the
noisy Steps given in Figure 2(a). (a-c) L0 gradient minimization (with
κ = 1.05 fixed, its related to iteration stopping time) and regularization
parameter α ∈ {0.01, 0.05, 0.1}, see [38] for details regarding the parameters,
(d-f) TVREG [55], for iteration T ∈ {100, 150, 200}, (g-i) TIREG [56],
for iteration T ∈ {10, 20, 50}, (j-l) Our D-MTTV method for iteration
T ∈ {100, 150, 200}. We notice a small blurring of corners in L p(·) models,
which is a by-product of TV regularization. In each subfigure on the left,
we show a crop of the corner region where different intensity levels meet to
highlight the amount of corner blurring by different methods.

for p = 0, 1, 2 and our variable exponent p(σ ∗) regulariza-
tion (27). We note that LGM [38] is very sensitive to the
regularization parameter (α, for the L0 regularization, discrete
nonzero gradient prior) which gives rise to higher number
of spurious pixels in the final restorations (corresponding
to regions where discrete gradient is nonzero). In contrast,
the p(σ ∗) minimization obtains stable restoration results with-
out artifacts. To see this, we show LGM [38] for different
α values and different final iteration number in our method.
Here we observe for T ∈ {100, 150, 200}, our corresponding
restoration results are devoid of spurious pixels though a small
amount of corner smoothing is observed. The lack of spurious
pixels in our method can be qualitatively explained as we
use continuous gradients whereas LGM [38] uses a discrete
gradient condition, and corner smoothing is a by-product
of using TV regularization at corner locations. Results for
TVREG L1 and TIREG L2 indicate staircasing in flat regions,
and over-smoothing of edges respectively.

III. EXPERIMENTAL RESULTS

For synthetic and natural images tested here we utilized
the parameters αi = 2 (i = 1, 2, 3), k = 0.05, the range of
scales [σl , σL ] = {1, 2, 3, 4} in computing the structure tensor
edge maps (11). The range of scales can be tuned depending
upon imaging modality, and this particular range of scales
worked well in synthetic and natural images we tested here.
Our GPU CUDA based implementation comprises of efficient
data transfer code blocks from the main memory to GPU
memory. Assuming that laptop GPU chipsets usually have
lesser on board memory, we swap the image data in once. This
is followed by three separate CUDA kernels, a) Computing

Fig. 4. Synthetic grayscale Disc image used in benchmarking edge detectors.
(a) Noise free image, and Noisy image with (b) SNR= 4, (c) SNR= 16, (d)
ground-truth (GT) image, we allow totally 3 pixels including the center edge
pixels in computing true positive (TP) edges.

Gaussian filters for the selected scales b) Computing the
derivatives c) Computing the structure tensor followed by the
p(σ ∗) or the final edge map. This process is repeated for
all Gaussian scales with the image in GPU memory. The
execution time is about 22 milliseconds per image of size
321 × 481 from the BSDS dataset on an NVIDIA Quadro
4000 desktop graphics card with 2GB of memory.

A. Edge Detection With Structure Tensor Exponent Map

We utilize the following datasets for comparing different
edge detectors:

• Synthetic images: We used two synthetically created
images (gray scale Disc, and color Grids) to compare
edge detection algorithms with respect to error criteria
such as the probability of false alarm and miss detection
rates. We utilize τd a pre-defined distance threshold in
pixels for judging whether a detection is correct: only
when the distance from a detected edge point to the
closest true edge is less or equal to τd , the detected
edge point is regarded as a correct detection [18]. This
is traditionally used to account for locational error in the
ground-truth (GT) or edge images [12]. Note that this
search range was used only for counting the true positive
edges, not for counting false positive rates (FPR).

• Sowerby: This dataset consists of 104 images of size
96 × 64 × 3 of country roads in England and is widely
used in semantic image labeling tasks [57].

• USF: This dataset consists of 50 images out of
which 28 images were selected [12], [13] for compar-
ing classical edge detection algorithms by Canny [1],
Nalwa [2], Iverson and Zucker [3], Bergholm [4], and
Rothwell et al. [5]. We extend the compared classical
edge detectors with the addition of Prewitt [6], Sobel [7],
Roberts [8], Marr-Hildreth [9], Haralick [10].

• RuG: This dataset developed at the University of
Groningen (RuG) comprises of 40 natural images of size
512 × 512 and corresponding GT marked by a human
observer.3 The GT contains only contours of objects and
edges caused by texture are omitted. Some of the USF
dataset images are included in this dataset.

• BSDS500: This dataset consists of 500 color images4 of
sizes 481 × 321, and 321 × 481 with five human drawn
GT boundaries.

3cs.rug.nl/ imaging/databases/contour_database/contour_database.html
4eecs.berkeley.edu/Research/Projects/CS/vision/grouping/resources.html
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Fig. 5. Edge images for classical edge detectors and our p(σ∗) based edge map with best parameter choices for noise-free (top row), medium noisy
(SNR= 16), and highly noisy (SNR= 4) synthetic Disc images. (a) Berghom [4], (b) Canny [1], (c) Iverson and Zucker [3], (d) Rothwell et al. [5], (e) Nalwa
and Binford [2], (f) Prewitt [6], (g) Sobel [7], (h) Roberts [8], (i) Marr and Hildreth [9], (j) Haralick [10], (k) Our p(σ∗) based edge map. These results were
obtained with the best parameter choices for each edge detector.

We utilize the following error metrics to evaluate the edge
detection performance:

1) FPR, FNR: False positive detection rate (FPR) is the
percentage of the false positive (FP) edges to the total
true non-edges (TN), and false negative detection rate
(FNR) is the percentage of the false negative (FN)
examples to the total true edges (TP). That is, FPR =
F P/(F P + T N), and FNR = F N/(F N + T P).

2) GMSD: Gradient magnitude similarity deviation pro-
posed by [58] is a distortion index5 which based on
comparing gradient maps in full reference image quality
assessment. We adapt it to evaluate edge maps by
plugging in the GT and our p(σ ∗) map, with lower
values of GMSD indicating higher quality results.

B. Edge Detection in Grayscale Images
In our first experiment, we utilize a synthetic Disc image

of size 256×256 which consist of a circle with gray value 140
of radius 96 pixels against a background with gray value 60.
Following [12] we subsampled the original image by 4 × 4
window averaging and then resampled to obtain a 64 × 64
size image.6 Figure 4 show the synthetic Disc image, and
Gaussian noise added images and the GT edges superimposed
on the image. Figure 5 shows a comparison of various edge
detectors on noise-free (top row), and when the signal to noise
ratio is sixteen (medium noise level, middle row), and four
(high noise level, bottom row) respectively.

When noise is absent (Figure 5(top row)), all the edge
detectors perform well in detecting edges reliably as shown
in Figure 5 (top row) with FPR= 0, FNR= 0 except [10]
which picks considerable amount of false positives. In medium
noise level, SNR= 16 (Figure 5(middle row)), many of the
classical gradient based edge detectors [1]–[5] perform well
with FPR= 0, FNR= 0, while [6], [7] pick up spurious pixels
as edge pixels, [8], [9] have higher false negatives, and [10]
obtained the worst result. As can be seen (Figure 5(bottom
row)), our p(σ ∗) performs well with FPR = 0, and FNR = 0

5www4.comp.polyu.edu.hk/ cslzhang/IQA/GMSD/GMSD.htm
6This subsampling effectively smoothes the intensity transition between the

circle and the background, i.e., introduces some partial pixel effects, see [12]
for more details.

TABLE III

FALSE POSITIVE DETECTION RATES (FPR) AND FALSE NEGATIVE

DETECTION RATES (FNR) OF THE Disc IMAGE (FIGURE 5),
WITH DIFFERENT SIGNAL TO NOISE RATIO (SNR) LEVELS.

OPTIMAL PARAMETER VALUES FOR EACH OF THE

DETECTORS IS OBTAINED BY SWEEPING

THE PARAMETERS SPACE AS IN [12]

even under lowest SNR = 4, whereas only Canny edge
detector comes closer to the accuracy of our edge map
across noise levels. However, our p(σ ∗) map obtains edge
pixels with higher precision (in terms of exact edge pixel
locations) when compared to GT. Other edge detectors either
obtain high false positives [4], [5], [9], [10] or high false
negatives [2], [3], [6]–[8]. Table III shows the performance
of different edge detectors with respect to FPR, and FNR.
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Fig. 6. Synthetic test images with different combinations of intensity levels
utilized in [34]: (a) (0, 127, 255), (b) (127, 191, 255), (c) (0, 63, 127),
and (d) the ground-truth (GT) edge map. (b) and (c) are set lighter and
darker, respectively, for testing edge detection performance using different
background intensity levels.

Fig. 7. Comparison of edge detection results from: (a) Nomura et al. [33],
(b) Li et al. [34], (c) our p(σ∗) based edge map. Top to bottom: Original,
lighter, and darker.

As can be seen, our method obtains consistently good results
at different noise levels. Note that comparison with GT is
done with τd = 3, hence the edge maps are allowed to
vary in a range of 3 pixels. This allows the automatic edge
detector’s positive output pixel to be true positive (TP) if it
lies within this 3 pixels width (band), and if an edge detector’s
positive output pixel is outside the band, it is counted as false
positive (FP).

Figure 6 show artificial images of size 404 × 303 and
ground-truth (GT) edge map used in [34] for comparing
different edge detection results. Figure 7 compares dynamical
system based approaches of Nomura et al. [33], Li et al. [34],
and our p(σ ∗) based edge map for original, lighter and darker
synthetic images. As can be seen, our edge detector obtains
near perfect results even when the gray scale pixel values
vary between lighter and darker. To test the noise robustness
we consider the synthetic image in Figure 6(a) with intensity
levels (63, 127, 191) and add additive Gaussian noise with
σn = 10 to 60. Figure 8 shows true positive rate (TPR),
false negative rate (FPR) averaged over 100 simulations for
dynamical system based method [34] (with different thresh-
olds), Canny edge detector, and our p(σ ∗) map based results.
As can be seen, for our method we obtain high FPR whereas
FNR is below the Canny edge detector even at higher noise
levels.

Figure 9 shows four images from the USF dataset and
edge detection results from (default) Canny, dynamical system

Fig. 8. Robustness test in comparison with Canny [1] and dynamical system
based method [34]. The solid lines with square markers are the results obtained
using [34] using different constant threshold η, dashed lines with asterisk
markers is the Canny edge detector [1], and solid line with triangle markers
are our method.

Fig. 9. Example edge detection results for USF dataset images. (a) Input
images, (b) Canny edge detector [1], (c) dynamical system based method [34],
and (d) our p(σ∗) based edge map.

based approach [34], and our method. We note that the pro-
posed results obtained results similar to Canny with edges not
detected in blurred regions, and obtained reduced weak edges
when compared to [34], see the background in palmcorder
image (last row).

C. Edge Detection in Color Images
Figure 10 shows a comparison of various gradient methods

and their corresponding Canny edge detection results on
a synthetic Grids 320 × 320 × 3 image. In Figure 10(a)
shows the input image and groundtruth (GT) edge map
created by a C++ program [18]. Figure 10(b) shows gra-
dient of the grayscale version of input image and its cor-
responding Canny edge detector result which clearly shows
the lack of color gradients information is detrimental to
edge detection. Figure 10(c-g) shows different color gra-
dient approaches: Compass operator of Ruzon et al. [16],
robust color morphological gradient (RCMG)-Median-Mean
operator of Nezhadary et al. [17], Compound operator from
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Fig. 10. Comparison various gradient magnitudes and edge detectors
on a synthetic Grids color image. Top row: (a) Input synthetic image,
(b) luminance-based gradient magnitude, (c-g) gradient magnitudes from dif-
ferent color gradient methods, (h) pm(σ∗) map. (Bottom row): (a) GT edges,
(b) Canny edge detector result on grayscale, (c-h) edges are obtained by
Canny edge detector, in which the gradients are computed by different
gradient methods: (c) Compass operator [16], (d) RCMG-Median-Mean oper-
ator [17], (e) Compound operator from Scharcanski and Venetsanopoulos [15],
(f) Di Zenzo’s gradient θ+ [14], (g) Improved direction estimation with Di
Zenzo gradient [18], (h) Our multi-channel exponent map pm(σ∗) based
result.

TABLE IV

FALSE POSITIVE DETECTION RATES (FPR) AND FALSE NEGATIVE

DETECTION RATES (FNR) OF THE Grids IMAGE (FIGURE 10),
WITH DIFFERENT DISTANCE THRESHOLDS τd (IN PIXELS).

THE EDGE MAPS ARE PRODUCED BY CANNY EDGE

DETECTOR IN WHICH THE GRADIENTS ARE

COMPUTED BY VARIOUS COLOR

GRADIENT ESTIMATORS

Scharcanski and Venetsanopoulos [15], Classical color Di
Zenzo’s gradient θ+ [14], Improved direction estimation (IDE)
with Di Zenzo gradient [18]. Figure 10(h) shows the pm(σ ∗)
map (top) and its corresponding Canny edge detector result.
As can be seen, our pm(σ ∗) map (Figure 10(h) top) shows that
color edges are captured according to their strength. Thus,
the multiscale exponent map detects local changes in both
luminance and chromaticity. The final edge map is comparable
to the methods from [15], [18].

Tables IV show objective evaluation results of the obtained
edge maps for Grids image using FPR and FNR. We see

TABLE V

FALSE POSITIVE DETECTION RATES (FPR) AND FALSE NEGATIVE
DETECTION RATES (FNR) OF THE NOISY Grids IMAGES CORRUPTED

BY MIXED NOISE OF p% RANDOM IMPULSE NOISE AND WHITE

GAUSSIAN NOISE WITH VARIANCE σn (DENOTED AS I p G σn ),
WITH DIFFERENT DISTANCE THRESHOLDS τd (IN PIXELS).

THE EDGE MAPS ARE PRODUCED BY CANNY

OPERATOR IN WHICH THE GRADIENTS ARE

COMPUTED BY VARIOUS COLOR
GRADIENT ESTIMATORS

TABLE VI

FALSE POSITIVE DETECTION RATES (FPR) AND FALSE NEGATIVE
DETECTION RATES (FNR) OF THE DENOISED (VECTOR MEDIAN

FILTER + BM3D) Grids IMAGES CORRUPTED BY MIXED NOISE

OF p% RANDOM IMPULSE NOISE AND WHITE GAUSSIAN
NOISE WITH VARIANCE σn (DENOTED AS I p G σn ),

WITH DIFFERENT DISTANCE THRESHOLDS

τd (IN PIXELS). THE EDGE MAPS ARE

PRODUCED BY CANNY OPERATOR IN
WHICH THE GRADIENTS ARE

COMPUTED BY VARIOUS COLOR

GRADIENT ESTIMATORS

that our pm(σ ∗) based Canny edge detector result outper-
forms other gradient maps based Canny edge detector results.
Table V lists FPR and FNR values for various gradient
estimators with different thresholds τd for different mixed
noise corrupted Grids image. As can be seen, all the gradient
based approaches are sensitive to noise, whereas our proposed
pm(σ ∗) based Canny edge detector result obtains the best
results for both and high noise levels. Table VI shows results
obtained for denoised Grids image by applying classical vec-
tor median filter [60] (for removing impulse noise), and then
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Fig. 11. Comparison various gradient magnitudes and edge detectors
on a synthetic Grids color image of size 713 × 713 × 3. (a) Noisy
image obtained by mixed noise of 3% random impulse and white Gaussian
noise with mean variance σn = 20. The filtered image is obtained by
applying the classical vector median filter and the currently-popular BM3D
algorithm [59] to the noisy image. Canny edge detector results obtained
using: (b) Canny edge detector result on grayscale, (c) Compass opera-
tor [16], (d) RCMG-Median-Mean operator [17], (e) Compound operator
from Scharcanski and Venetsanopoulos [15], (f) Di Zenzo’s gradient θ+ [14],
(g) Improved direction estimation with Di Zenzo gradient [18], (h) Our multi-
channel exponent map pm(σ∗).

Fig. 12. Edge detection result on Monarch color image of size 700 ×
512 × 3. (a) Input image, (b) Luminance gradient, (c) Compass opera-
tor [16], (d) RCMG-Median-Mean operator [17], (e) Compound operator
from Scharcanski and Venetsanopoulos [15], (f) Di Zenzo’s gradient θ+ [14],
(g) Improved direction estimation with Di Zenzo gradient [18], (h) Our multi-
channel exponent map pm(σ∗).

the BM3D algorithm7 [59] (for removing Gaussian noise). The
canny edge detector is then performed on the denoised image
with various gradient estimators. We notice that after denois-
ing, our exponent map pm(σ ∗) with Canny edge detector
obtains best results. In Figure 11 we show corresponding edge
detection results for mixed noise (random impulse noise +
white Gaussian noise with zero mean) corrupted Grids image.
As can be seen our exponent map is robust and obtains edges
without spurious artifacts.

Figure 12 shows a comparison of various gradient methods
and their corresponding Canny edge detection results on a
natural color image Monarch of size 700 × 512 × 3 with
our multichannel pm(σ ∗) map. Figure 13 shows the gradient

7This was the denoising method of choice in [18], other denoising meth-
ods can also be used including D-MTTV, see (27) and [30]. We pro-
vide results corresponding to different denoising filters, other edge detector
results, and their quantitative comparison results in our project website
http://sites.google.com/site/suryaiit/research/sstedges.

Fig. 13. Gradient magnitude responses of natural image Monarch, produced
by various gradient methods of size 700 × 512 × 3. (a) Input image,
(b) Luminance gradient, (c) Compass operator [16], (d) RCMG-Median-Mean
operator [17], (e) Compound operator from Scharcanski and Venetsanopou-
los [15], (f) Di Zenzo’s gradient θ+ [14], (g) Improved direction estimation
with Di Zenzo gradient [18], (h) Our multi-channel exponent map pm(σ∗).

Fig. 14. Example edge detection results for Sowerby dataset images. (a) Input
images, (b) Canny edge detector [1], (c) statistical edge detection method [11],
and (d) our p(σ∗) based edge map.

magnitude (not thresholded) responses on Monarch image
produced by various gradient methods along with our multi-
channel pm(σ ∗) map.

Figure 14 shows five images from the Sowerby dataset and
edge detection results from (default) Canny, statistical edge
detection method [11], and our method. Overall, our method
obtained denser edge pixels (see black pixels in the building,
and trees) than Canny, and compared to the sparse discon-
nected edge pixels in [11] our p(σ ∗) based edge map obtained
smoother edges in general. Finally, Figure 15 shows some
color images which are taken from the BSDS500 and compar-
ison with Canny edge detector with our multichannel pm(σ ∗)
and channelwise pc(σ

∗) maps. In BSDS500, GT boundaries
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Fig. 15. Comparison of edge detection in BSDS500 images. For these images we show: (a) Input RGB images (#135069, #223060, #198023), (b) Combined
GT boundaries labeled by five humans, (c) Canny edge detector on grayscale version, (d) Canny edge detector used separately on each channel, (e) pc(σ

∗)
computed separately on each channel, (f) Multi-channel pm(σ∗).

were aggregated from five different human observers. It is
clear that the pm(σ ∗) edge map captures pixel variations in a
coherent manner though a closed contour may not always be
present. The average GMSD of our method for 500 images in
the BSDS500 is 0.0018 for k = 0.005, 0.0017 for k = 0.05,
and 0.0014 for k = 0.05. The post-processing operation of
thinning using the hysteresis thresholding is important and
the final quality of binary edge detection with our p(σ ∗) maps
depends on this. Further research is necessary to obtain reliable
binary edge detection results from the robust edge strength
from the p(σ ∗) maps.

IV. CONCLUSION

Image regularization with a well-defined multiscale struc-
ture tensor map is considered in this paper. By utilizing the
eigenvalues of structure tensor in a spatially varying expo-
nent function we obtained robust edge strength from images.
Following standard edge detection procedures we can obtain
robust edge detection of images corrupted by noise. Moreover,
incorporation of the exponent map in a variational - PDE
model provided better noise removal than other filters such as
sparse L0 regularization. We extended the edge map to color
images using the notion of vectorial tensor, and compared to
other multichannel image gradient operators in the literature,
we obtained good performance with better accuracy overall.
Experimental results with synthetic and natural image datasets
with various error metrics indicate our edge detection method
is robust, efficient, and performs well across different imaging
conditions. Due to the non-iterative nature of the structure
tensor computations, our proposed edge strength maps are
computed using a fast GPU CUDA implementation. The
proposed structure tensor exponent map for edge detection can

be used as a general feature detector in multi-band imagery
(multispectral, hyperspectral) and further benchmarking with
other features are required to prove its usefulness in other
image processing applications.
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