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ABSTRACT
Elastic body splines (EBS) belonging to the family of 3D
splines were recently introduced to capture tissue deformations within a physical model-based approach for non-rigid
biomedical image registration [1]. EBS model the displacement of points in a 3D homogeneous isotropic elastic body
subject to forces. We propose a novel extension of using elastic body splines for learning driven ﬁgure-ground segmentation. The task of interactive image segmentation, with user
provided foreground-background labeled seeds or samples,
is formulated as learning an interpolating pixel classiﬁcation
function that is then used to assign labels for all unlabeled pixels in the image. The spline function we chose to model the
supervised pixel classiﬁer is the Gaussian elastic body spline
(GEBS) which can use sparse scribbles from the user and has
a closed form solution enabling a fast on-line implementation. Experimental results demonstrate the applicability of the
GEBS approach for image segmentation. The GEBS method
for interactive foreground image labeling shows promise and
outperforms a previous approach using the thin-plate spline
model.
Index Terms— Interactive image segmentation, supervised regression, elastic body, 3D splines.
1. INTRODUCTION
Interactive ﬁgure-ground segmentation has become very popular in recent years as it overcomes some of the inherent problems associated with unsupervised image segmentation where
weak boundaries, textured regions, similar intensity levels in
the foreground and background make the image segmentation
problem ill-posed. A large number of user guided image segmentation algorithms have been developed over the past two
decades ranging from marking boundary pixels [2, 3], initializing a contour close to the region of interest [4, 5], drawing
a box around the object [6] or placing some seeds or scribbles on the desired object and its background [7]. Interactive
semi-supervised segmentation can improve automatic algorithms for high-throughput scalable applications where high
accuracy is required but failure modes are many.
Automatic image segmentation approaches are highly
susceptible to initial conditions, parameter values, weak
boundaries and noise. We review a few popular methods.
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(a) Input with seeds

(b) Our GEBS result

(c) TPS [8]

Fig. 1. Sparse user-deﬁned seed points or interactive scribbles
shown in (a) provide 14 labeled samples for the Gaussian Elastic
Body Spline (GEBS) algorithm that produces a more accurate segmentation shown in (b) compared to the thin-spline regression-based
segmentation [8] results shown in (c). The interactive user input
points sparsely sampling the foreground and background are just single pixels but shown as thick dots for ease of visibility.
Snakes and active contour deformable models [4, 9] need
the user or algorithm to initialize a curve close to the desired
object boundary and the curve is evolved under forces derived
from edge [4] or region information [9]. Main limitations of
these methods are that the energy functions are non-convex
in nature and therefore the ﬁnal contours are only a local
optimum; also these evolved contours being initialization dependent are greatly affected by the initial input provided by
the user. Interactive graph-based approaches [10] solve the
image segmentation problem using min/max network ﬂow
methods and in [11] they add a geodesic star-convexity shape
constraint to the energy minimization. Graph cut based techniques often suffer from the problem of over-segmentation
since they produce “short cuts” for the optimal solution.
Our experience has been that fast user-guided image segmentation methods would be very helpful for segmentation
and tracking applications [12, 13, 14, 15] where subject matter experts can provide interactive guidance to improve the
performance of automatic or semi-automatic algorithms, but
that the amount of user-interaction needs to be reduced for
effective systems [16, 17]. In lazy snapping [18], live-wire
[3] and intelligent scissors [2] the user provides as input some
initial boundary information which is then used to complete
the image segmentation task. We refer to [19] for a comprehensive review covering many interactive image segmentation
methods to date and their performance. Although many interactive image segmentation systems have been developed there
is a need for reducing user input, increased robustness to noise
and better detection of weak object boundaries.
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In order to address these limitations we develop a framework for interactive image segmentation based on interpolating spline functions that with very few user (scribble) inputs produces high quality segmentations. We propose using
Gaussian Elastic Body Splines (GEBS) for regression-based
pixel classiﬁcation with sparse user-deﬁned seed points that
are used to interpolate seed point labels for the remaining
unlabeled pixels in the image. Our method is similar to the
spline based image segmentation method studied in [8] which
is based on thin-plate splines [20]. Both methods make use
of the interpolating property of (multivariate) splines to learn
a pixel classiﬁcation operator and solve similar systems of
linear equations to obtain the coefﬁcients for the interpolating spline classiﬁer functions. However there are two fundamental differences between the two approaches: (a) The
underlying partial differential equation (PDE) solutions used
in the two methods are derived differently. The GEBS are
analytic solutions of the Navier equilibrium PDE, while thin
plate splines solve the biharmonic equation Δ2 f = 0. (b)
The spline functions used in [8] are radial basis functions of
the form r2 log r, whereas our method makes use of Gaussian
functions. Our proposed method is able to obtain good results
even from a sparse quickly deﬁned set of user-provided labels
(input seeds), in comparison to the thin-plate spline regression results of [8] (see Figure 1). Using sparse input seeds and
solving only a linear system of equations to learn the spline
coefﬁcients makes our algorithm easy to implement and fast
enough for on-line use. We provide comparative image segmentation results on natural images and the results indicate
GEBS provides a clear improvement over thin plate splines.
The rest of the paper is organized as follows. In Section 2 we provide a brief description of the EBS based image
registration method, and its adaptation for interactive image
segmentation with the relevant mathematical framework. In
Section 3 we provide segmentation results using the proposed
method followed by conclusions in Section 4.
2. GEBS FOR IMAGE SEGMENTATION
2.1. Elastic Body Splines
Non-rigid registration and deformable modeling approaches
have been used to model natural phenomena [21, 22]. Elastic
body splines (EBS) belong to the class of 3D splines suggested by Davis et al [20] and mainly used for elastic registration of biomedical images. Given the displacement for
landmark points pi , i = 0, . . . , N between source and target
images a transformation is determined that maps the corresponding landmarks from the source to the target image and
interpolates the displacement ﬁeld for all the remaining points
in the transformed image. The transformation is given as,
 x) = Ax + b +
d(

N

i=0

G(x − pi )
ci .

(1)

where a linear afﬁne transformation is combined with nonci to obtain the dislinear elastic transformations G(x − pi )
 x) is the
placement ﬁeld. Here G is the spline function, d(
displacement vector for the landmark points, pi , A and b are
the coefﬁcients for the afﬁne transformation and ci the set of
coefﬁcients for the non-linear elastic terms.
We note that the physical model used for the EBS Navier
equilibrium PDE is given by,
μ∇2 u(x) + (μ + λ)∇[∇ · u(x)] = f(x),

(2)

which models the deformation of a homogeneous isotropic
elastic body subjected to loads. Here u(x) is the displacement, f(x) the force ﬁeld, μ, λ are the Lame coefﬁcients, ∇2 ,
∇ denote the Laplacian and gradient respectively. The solution of (2) is obtained by the Galerkin vector method [23].
By using this method three coupled PDEs for u(x) are transformed into three independent radially symmetric biharmonic
PDEs. Davis et al. [20] used symmetric forces, however,
these forces are singular at the origin and do not decrease as
fast as the increase in distances between the landmark points;
see [20] for more details. Kohlrausch et al. [1] have suggested that GEBS which use Gaussian forces supports the use
of transformations modeling local (non-linear) deformations,
1
−||x||2
exp
.
f(x) = ci √
2σ 2
( 2πσ)3

(3)

where ||x|| is the norm and σ is a scale parameter. An analytic
solution for the PDE (2) with force ﬁeld Eq. (3) is from [1],
u(x) =

1
1
G(x)c,
16πS 1 − ν

(4)

where S is the shear modulus and ν the Poisson ratio,

Erf(r̂)
G(x) =
(4(1 − ν) − 1)
r


2
2 e−r̂
2 Erf(r̂)
−
σ
+σ
I
π r2
r3




2
2 e−r̂
Erf(r̂)
2 Erf(r̂)
T
σ
+
+3
− 3σ
xx .
r3
π r4
r5
(5)
√
Here Erf(·) is the standard error function, r̂ = |x|/ 2σ, I is
the identity matrix, xxT is an outer product. Note that for the
transformation (1) we use G(x) given by (5).
2.2. New Framework for Interactive Image Segmentation
For an interactive image segmentation task we learn the in x) in (1) from the
terpolating pixel classiﬁcation function d(
 x) = [+1 + 1 + 1]T for
user supplied seed points such that d(
 x) = [−1 − 1 − 1]T for background
foreground pixels and d(

4379

ICIP 2014

(a) Input with seeds

(b) Manual
(BSDS500)

ground

truth

(c) Our GEBS result

(d) TPS [8]

Fig. 2. Comparison of segmentation results on three BSDS 500 images along with one manual ground-truth. Although the images are shown
in color only gray scale intensities are used in the GEBS model. (a) Input image with user provided foreground (green) and background (red)
seed points. (b) Sample human annotated ground truth. (c) Our GEBS segmentation results. (d) TPS segmentation results [8].

pixels. x is a feature vector comprised of spatial location and
grayscale value of the pixel. Coefﬁcients A, b, and ci are
computed using (1) from the seed points. Let Ax + b, be the
afﬁne part of the GEBS interpolating function,
A = [a1

a2

a3 ].

where,
L=

CB

aT1

aT2

aT3

bT

T

(7)

where CF and CB are the elastic coefﬁcients corresponding
to, f , foreground seed pixels and, b, background seed pixels,
CF = cT1 . . . cTf ,

P
,
O

GF B
GBB

G11 (r11 )
⎢
..
GF F (r) = ⎣
.

...

⎤
G1f (r1f )
⎥
..
⎦
.

Gf 1 (r11 )

...

Gf f (rf f )

(9)

(10)

with rij = xi − xj and xi is the feature vector for the ith foreground seed point. Hence, GF F is the matrix of GEBS (5)
functions deﬁned only over foreground pixels. GF B , GBB
and GBF are similarly deﬁned,
P=

CB = cT1 . . . cTb .

The Gaussian Elastic Body Spline (GEBS) mapping determined by the weights W that we are solving for is given by
the relationship, Y = LW, where Y is the set of displacement vectors for the user deﬁned seeds. When matrix L is
singular or close to being singular, computational techniques
such as SVD can be used to obtain the GEBS coefﬁcients.
The GEBS coefﬁcients are estimated by solving the matrix
equation,
(8)
W = L−1 Y

GF F
GBF

K=

⎡

(6)

Let W be the vector of all the GEBS coefﬁcients given as,

W = CF

K
PT

PF
PB

IF
,
IB

where the identity matrices are given by,
IF = I1 . . . If

(11)
⎡

1
, IB = I1 . . . Ib , I = ⎣0
0

0
1
0

⎤
0
0⎦ , (12)
1

for f foreground seed points, b background seed points and,
⎡
⎤
x11 I x12 I x13 I
⎢
..
.. ⎥
PF = ⎣ ...
(13)
.
. ⎦
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(a) Input with seeds

(b) Our GEBS results

Fig. 3. Semi-supervised two-class clustering using GEBS.
where xij is the j th feature for ith pixel. PB is similarly
F
deﬁned. The matrix of displacement vectors Y consists of Y
B with
with values +1 for the foreground seed points and Y
values -1 for the background seed points,
Y = YF
with

YB




O

4. CONCLUSIONS

T

(14)



B = dT . . . dT
YF = dT1 . . . dTf , Y
1
b
di = ±1

±1

±1

perimental results also showed that ﬁnal results were not affected by small variation in parameters values. We note that
the parameter σ is used to control the spatial inﬂuence of
the GEBS function which can be adjusted to optimize ﬁgureground separation. No pre-processing or post processing operations were performed on the GEBS segmentation results.
The experiments were performed on a Windows laptop with
2.4GHz CPU, 2Gb RAM and MATLAB R2012a. For an image of size 321 × 481 pixels our GEBS scheme takes around
100 seconds after the initial seeds are selected.
Figure 2 shows some example segmentation results on
natural images taken from the new Berkeley Segmentation
Data Set (BSDS 500) [24] using our GEBS (Figure 2(c))
and the thin plate spline (TPS) regression method [8] (Figure 2(d)) along with one of the human annotated segmentations (Figure 2(b)) which serves as ground truth. To compare
performance between the two algorithms we use the same
user supplied sparse seed points in each case. As can be
seen, our method clearly outperforms TPS based image segmentation without any leakages; see for example bottom two
rows in Figure 2(d). It is also interesting to note that our
GEBS scheme obtains better foreground segmentation even
in the case of a sparse sample of seed points, see Figure 2
ﬁrst row. We applied the GEBS approach for semi-supervised
clustering as another application of user-deﬁned seed pointsbased region partitioning. Figure 3 shows two-class clusters
of varying shape, size, intensity and density, and the corresponding GEBS results. As can be seen we obtain a clear
separation of clusters using sparse input from the user.

T

(15)

 is a vector of zeros and di is a vector of +1 (-1)
where O
for the foreground (background) pixels. Once the displacement function (1) is learned (that is, by solving (8)) using interactively labeled pixel samples in a supervised manner, the
GEBS classiﬁer can be estimated and used to interpolate the
labels of unlabeled pixels in the image. For classiﬁcation purposes we use zero (midpoint value between −1 and +1) to
 x) and assign label (x) to a pixel by
threshold the vector d(
 x),
taking consensus among vector elements of d(

 x) elements ≥ 0
f oreground, if majority d(
(x) =
(16)

background, if majority d(x) elements < 0.
3. EXPERIMENTAL RESULTS
In all our experiments reported here, we ﬁxed the values of
parameters ν and σ in Eq. (5) at 0.25 and 1 respectively. Ex-

We have presented a novel adaptation of Gaussian elastic
body splines (GEBS) for interactive image segmentation. It
uses the strength of elastic body splines to learn an interpolating pixel classiﬁer function that can be ﬂexibly used for
complex image segmentation tasks requiring manual supervision. The GEBS image segmentation is on-line, fast and
easy to implement for grayscale images. Qualitatively the
proposed GEBS method outperforms the thin-plate spline
approach for pixel labeling. One of the main reasons for the
improved performance is that the GEBS approach needs very
few seed points to learn the pixel classiﬁcation function while
thin-plate splines are much more sensitive to the number of
training samples.
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