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ABSTRACT

We study a multichannel version of nonlinear diffusion PDE

which is used to restore noisy multispectral images. Weighted

coupling of interchannel edges is done by utilizing fast total

variation for each channel. Anisotropic intrachannel smooth-

ing is included to denoise and preserve edges. Numerical re-

sults on noisy multispectral images show the advantage of the

proposed hybrid approach.

Index Terms— Anisotropic diffusion, Multispectral im-

ages, Image denoising, Total variation, Coupled PDE.

1. INTRODUCTION

Anisotropic diffusion PDE based schemes are effective in im-

age denoising and has been widely used in gray scale image

restoration [1]. Extending diffusion based schemes to color

images [2, 3, 4] and in general to multichannel images are

now an active area of research [5, 6, 7]. These schemes can

be organized into two main categories: (a) extension of the

gray scale image denoising schemes using explicit interchan-

nel information and (b) using the information implicitly in the

diffusion formulation.

Coupling between different channels is important in mod-

eling interchannel correlations. In multispectral images this

is paramount as different channels contain a variety of infor-

mation specific to its spectral property. There are efforts to

extend anisotropic diffusion based schemes to handle denois-

ing multispectral images, see [5, 6]. Recently, inverse diffu-

sion based [7] and morphology based [8] PDE schemes have

also been studied. Apart from the lack of theoretical basis for

such schemes, smearing and blurring can be observed near

the edges of denoised images. Moreover lack of tunability in

terms of edges specific to one channel in these schemes is an

important drawback when applied to multispectral data.

In this paper we study an explicit interchannel informa-

tion based scheme using anisotropic diffusion. To avoid the

smearing of edges present in one channel which are not in

other channels we propose to add a weighted coupling term.
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Using the powerful anisotropic diffusion method intrachan-

nel denoising is performed with edge preservation. Weights

are computed from the total variation PDE which gives a road

map of interchannel edges. Finally these weights are com-

bined with Laplacian differences and added into the diver-

gence formulation. The proposed scheme is general in the

sense that it can be used according to the amount of intra-

channel smoothing required and by the importance of a spe-

cific channel.

2. MULTISPECTRAL ANISOTROPIC DIFFUSION

Let u : Ω ⊂ R
2 → R

N denote the multispectral image

with N bands, where u = (u1, . . . , uN ) and Ω is the im-

age domain. Suppose that we have a noisy version u0 =
(u1

0, · · · , uN
0 ) which is corrupted by additive Gaussian noise

with known variance σ2. Our aim is to find the denoised im-

age u without removing interchannel edges. For this we con-

sider the following PDE with a Laplacian differences based

coupling term

∂ui

∂t
= div

(
g
(∣∣∇ui

∣∣)∇ui
)
+ α

N∑
j=1

(
ωiΔuj − ωjΔui

)
(1)

for i = 1, 2, . . . , N . The second term on the right hand side

in Eqn. (1) models the interchannel relations. The parame-

ter α > 0 controls the interchannel edge alignment and if

α = 0 then we recover the channel-wise anisotropic diffusion

scheme. Note also that, the channel-wise anisotropic diffu-

sion (the first term in RHS of Eqn. (1)) corresponds to apply-

ing Perona-Malik type diffusion [1] and hence is essential in

removing noise within channels. Wellposedness of the above

PDE (1) can be proven using the theory of monotone opera-

tors [9] for functions of total variation type, g(s) = 1/s. We

next describe a way to chose the weights ωi which are im-

portant in aligning edges between different channels and for

reducing diffusion near them.

2.1. TV based weights

The adaptive weights are chosen from the initial noisy image

u0 as follows. The total variation PDE [10] is applied to the
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initial noisy image channel-wise,

∂ũi

∂t
= ∇ ·

( ∇ũi

|∇ũi|
)

with ũi(0) = ui
0 (2)

Then, the weights ωi are computed using the smoothed gradi-

ent field of ũi for each i.

ωi = Gρ �∇ũi (3)

where Gρ(x) = (2πρ)−1 exp−(|x|2 /2ρ) is the Gaussian

kernel and � denotes the convolution. The pre-smoothing

removes outliers and also makes the weights vary smoothly

along edges, see Fig. 1(c).

2.2. Proposed scheme

The coupling term consist of TV based weights multi-

plied with Laplacian differences between channel i and j,(
ωiΔuj − ωjΔui

)
. This, in turn, captures the edges between

different channels and stops the diffusion spread among them,

see Fig. 1(d).

Thus, the proposed method can be summarized as fol-

lows:

(i) Run the TV scheme (2) for each channel of the input

image u0 and compute the weights (3)

(ii) Run the coupled PDE (1).

Note that a further improvement can be achieved if we are to

make the first step (TV filter) to be adaptive with respect to

the second step. That is, we can use an alternating scheme by

utilizing ui(t) computed from (1) again in the TV flow (2).

It increases the computational burden, but with the advan-

tage being a scheme with strong noise removal property. In

the experiments reported here we use the non-adaptive proce-

dure since in low to medium noise levels the proposed scheme

works well.

3. NUMERICAL RESULTS

We adapt Chambolle’s algorithm [11] to implement the cou-

pled PDE (Eqn. (1)) and the Split Bregman scheme [12] for

the TV filter (Eqn. (2)) involved in the weight computation

(Eqn. (3)). The Laplacian term is approximated by central

differences and the parameters are fixed at α = 1 and ρ = 2
for the experiments reported here. Number of iterations of the

TV filter (2) is fixed at 50.

3.1. Color image

We first apply our scheme (1) to a noisy color image (N = 3,

RGB image, σ = 20). Fig. 1(c) shows the TV based smoothed

weights computed from Eqn. (3) and Fig. 1(d) shows the

weighted Laplacian differences term used in the PDE from

Eqn. (1). Fig. 1(e) shows the result of our scheme when com-

pared to the following color image denoising approaches:

Boccignone et al [2] generalized spatio-chromatic diffusion

(Fig. 1(h)), Tschumperlé and Deriche [3] vector valued PDE

(Fig. 1(i)), Bresson and Chan [4] vectorial TV (Fig. 1(j)).

Fig. 1(f) & (g) gives the error residual image and the dif-

ference image showing that the scheme does not remove

structures. As can be seen the proposed scheme gives better

edge preservation and is devoid of color smearing near edges.

3.2. Multispectral image

Fig. 2(a) shows a multispectral image of Paris (N = 7,

512× 512 Landsat image, courtesy of Space Imaging, LLC),

used in our experimental results. Only the bands 4(near

infrared), 3(visible red) and 2(visible green) are shown in

color-infrared composite for visualization. Fig. 2(h) shows

the output of proposed scheme and a comparison with the fol-

lowing diffusion based schemes which are proposed for de-

noising multichannel images: Tschumperlé and Deriche [3]

(Fig. 2(b)), Bresson and Chan [4] (Fig. 2(c)), Acton and Lan-

dis [5] (Fig. 2(d)), Pope and Acton [6] (Fig. 2(e)), Smolka

and Lukac [7] (Fig. 2(f)), and Wang et al [8](Fig. 2(g)).

As can be seen from different scheme results, the pro-

posed scheme removes noise while preserving edges. In order

to quantify the visual comparisons, the Peak Signal-to-Noise

Ratio (PSNR) value is used as a measure of quality and is in-

dicated for each scheme’s results. For an estimated N-D im-

age û, PSNR(û) = 10 log ((N × u2
max)/MSE) dB, where

MSE =
∑

x∈Ω(û(x) − u(x))2/ |Ω| is the mean squared er-

ror, |Ω| is the dimension of the image domain Ω, and umax is

the maximum value; for 8-bit images umax = 255. The com-

putational complexity of the diffusion scheme depends on the

number of channels in the input data. For a 256×256×3 size

image the non-optimized finite difference MATLAB7 imple-

mentation takes typically less than 1 min to denoise (approx.

100 iterations) on a Laptop with 2.20GHz, Intel Core2 Duo

processer.

4. CONCLUSION

In this paper we considered denoising multispectral images

using the diffusion PDE paradigm. By using a hybrid cou-

pling term multichannel edges are captured and intrachannel

smoothing is done to remove noise effectively. The proposed

scheme consists of a coupled PDE with a weighted Laplacian

differences term which models interchannel dependencies.

Numerical results on noisy multispectral images show the

effectiveness of the proposed scheme when compared with

other schemes. Extending the scheme to hyperspectral im-

ages is a challenging future work in this direction since it

involves controlling diffusion along the spectral axis.
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Fig. 1. Color image (RGB) denoising: (a) Original flower 256 × 256 × 3 image (b) Noisy color image (σ = 20), PSNR =
22.09 (c) TV based smoothed weights (Eqn. (3)) shown in false colors for visualization (d) Weighted Laplacian differences(
ωiΔuj − ωjΔui

)
(e) Result of the proposed scheme based on the PDE (Eqn. (1)), PSNR = 30.57 (f) Residual image |u− u0|

obtained using the proposed scheme result (g) Difference between the original and restored images |uori − u| (h) Boccignone

et al [2], PSNR = 27.58 (i) Tschumperlé and Deriche [3], PSNR = 29.43 (j) Bresson and Chan [4], PSNR = 27.41.
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Fig. 2. Multispectral image denoising result, shown here are bands (4,3,2) combined for finding vegetation: (a) Noisy image

(σ = 5, N = 7, shown here is a small portion 150 × 150 of the Paris image), PSNR = 26.70 (b) Tschumperlé and

Deriche [3], PSNR = 30.58 (c) Bresson and Chan [4], PSNR = 29.72 (d) Acton and Landis [5], PSNR = 29.65 (e) Pope and

Acton [6], PSNR = 29.83 (f) Smolka and Lukac [7], PSNR = 30.21 (g) Wang et al. [8], PSNR = 29.75 (h) Proposed scheme,

PSNR = 30.11.
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