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Abstract

Image deblurring and denoising are the main steps
in early vision problems. A common problem in deblur-
ring is the ringing artifacts created by trying to restore
the unknown point spread function (PSF). The ran-
dom noise present makes this task even harder. Vari-
ational blind deconvolution methods add a smoothness
term for the PSF as well as for the unknown image.
These methods can amplify the outliers correspond to
noisy pixels. To remedy these problems we propose the
addition of a first order reaction term which penalizes
the deviation in gradients. This reduces the ringing
artifact in blind image deconvolution. Numerical re-
sults show the effectiveness of this additional term in
various blind and semi-blind image deblurring and de-
noising problems.

1 Introduction

Due to the limitations in the digital image formation
systems the output image can be blurred and noisy.
This can create serious problems for further image pro-
cessing tasks [1] such as object identification and pat-
tern recognition. We assume a standard linear degra-
dation model for such systems

I = Hu+ n (1)

where H is a linear operator on images, called the blur
operator. This usually is a convolution operator, i.e,
H = h ? u for a function h, called the point spread
function (PSF) of the imaging system. For example,
h = Gσ = (2πσ2)−1 exp (− |x|2 /2σ), Gaussian ker-
nel which models atmospheric turbulence case. Other
models such as common motion blur (when the digital

camera is moved or shaken during the shooting), out-
of-focus blur are also prevalent. The noise n is created,
for example, by transmission errors, faulty sensor pix-
els in the digital camera etc and is a statistical quantity
for which we assume the mean and variance are known.

Variational regularization methods [2, 3] are popu-
lar for solving the above (1) ill-posed problem. They
usually add a smoothness term for the unknown im-
age u and PSF h. Ringing artifacts are a drawback
in these methods and can severely disrupt the restora-
tion, see Fig. 1(c). To overcome this we propose to
add a first order term which penalizes the deviation in
gradients. This reduces the artifacts from appearing
near the edges. It can be incorporated into any of the
minimization schemes and is robust to noise. We use
the total variation [4] as the smoothing term, see [5]
and references therein for recent works in this area.

The paper is organized as follows, in Section 2 we
review some basic regularization schemes and propose
our improvement. In Section 3 we detail the numerical
implementation and discuss the results of the proposed
scheme. Section 4 concludes the paper.

2 Regularization method

Variational regularization methods involve simulta-
neous minimization of the following functional

F(u, h) =
∫

Ω

(h ? u− I)2 dx+ G(u, h) (2)

where G(u, h) represents the a priori smoothness as-
sumption on both the unknown functions h and u,

G(u, h) =
∫

Ω

φ (|∇u|) dx+
∫

Ω

ψ (|∇h|) dx

for example, total variation (TV) [3, 4] corresponds to
ψ(s) = s and φ(s) = s in bounded variation space [6]
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Figure 1. Lena image deblurring: (a) Origi-
nal gray 150 × 150 image (b) Motion blurred
(length = 8) and noisy (c) Blind TV [3] (d) Pro-
posed method FOR+TV.

BV (Ω), Ω ⊂ RN the image domain. Now a draw-
back in these approaches is the ringing artifacts created
by wrongly estimating the blur kernel h. This usually
manifests and amplified by noise as ringing around the
edges in the restored images, see Fig. 1(c). To sup-
press this we propose to use an additional term in (2)
apart from the data fidelity term and solve using the
alternating minimization (AM) [3]. The idea here is to
penalize the distance in gradients at the image mini-
mization stage. To avoid the ringing appearing in the
estimation of u, during the denoising stage we penalize
not only the distance in intensity (h ? u − I) but in
gradients (|∇u−∇I|) as well to capture the variance.
More precisely the AM scheme we propose is

(1) Minimize F in (2) with respect to PSF h with u
fixed

F(h;u) :=
∫

Ω

(h ? u− I)2 dx+
∫

Ω

ψ (|∇h|) dx (3)

(2) Minimize F in (2) for u with h fixed and add a
term to penalize the distance in gradient images

F(u;h) :=
∫

Ω

(h ? u− I)2 dx+
∫

Ω

φ (|∇u|) dx

+
∫

Ω

ρ(|∇u−G% ?∇I|) dx (4)

These two steps are performed alternatively till we
get the desired result. We use the quadratic func-
tion ρ(s) = s2 for the first order reaction (FOR) term
added to image minimization in step (2). Note that
the convolution with a Gaussian G% makes the gradi-
ent estimations robust against the noise. Thus, when
the estimated image u contains ringing then ∇u ap-
proaches infinity, whereas |G% ?∇I| is bounded, hence
|∇u−G% ?∇I|2 will be big. As a result, due to the
first order penalty term ringing is suppressed and edge
preserving smoothing is carried out. Since ρ is a convex
function in its argument u it follows that [3] the follow-
ing existence theorem holds true for our AM scheme.

Theorem 1. If the functions ψ and φ are strictly
convex then the alternative minimization is well-posed.
That is, there exists a unique pair (u, h) ∈ BV (Ω) such
that (u, h) are minimizers of the scheme in (3-4).

Proof. The two-step minimization scheme is convex in
each step with respect to the PSF h and u. Thus it fol-
lows that it has a minimizer in BV (Ω). If the functions
ψ, φ and ρ are all strictly convex then the minimizer is
unique.

3 Numerical results and discussion

The AM scheme is implemented using the corre-
sponding gradient descent formulation. The first order
reaction term is tested with TV scheme [3]. We use the
regularized version of the TV terms ψ(s) =

√
s2 + ε1

and φ(s) =
√
s2 + ε2 where εi > 0 is added to make

the functional (2) differentiable at zero. The Euler-
Lagrange equations (x ∈ Ω)

∂F
∂h

= u(−x) ? (h ? u− I)− div

 ∇h√
ε1 + |∇h|2

 = 0

∂F
∂u

= h(−x) ? (h ? u− I)− (∆u−∆G% ? I)

− div

 ∇u√
ε2 + |∇u|2

 = 0

are linearized and solved using the fixed point lagged
diffusive scheme [7] with conjugate gradient method.
The parameters are set εi = 10−4 and the smoothing
parameter % = 2 in all the experiments.

Fig. 1 shows the effect of our proposed reaction term
on motion blurred (horizontal camera movement of 8
pixels length) and white noise added (Gaussian σn = 5)
Lena image. Compared with TV deblurring without
the term Fig. 1(c), the high frequency ringing around
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Figure 2. Color image deconvolution: (a)
Original Chinaman 265 × 265 (b) Gaussian
blurred and noisy (c) Lucy-Richardson (d)
Wiener (e) Blind TV (f) Proposed FOR+TV (g)
Closeup of noisy (h) Closeup of our result (g)
Original PSF (h) Estimated PSF.

Figure 3. PSNR values comparison for differ-
ent blur types applied to Chinaman Fig. 2(a)
image.

the hat edges are suppressed and the noise is removed
as can be seen from Fig. 1(d).

Fig. 2 shows the reconstructed image and PSF
for a Gaussian blurred (σb = 2) and noisy (σn =
20) color image. Note the absence of oscillations in
Fig. 2(f) around the strong edges compared to other
schemes such as Lucy-Richardson, Wiener filter and
blind TV [3]. A closeup of a character in Fig. 2(h)
shows a marked improvement in our scheme without
oscillations. Fig. 2(j) shows the near perfect recovery
of the PSF. Also to highlight the robustness of the pro-
posed scheme we show the peak signal-to-noise ratio
(PSNR) values in Fig. 3 for different blur types such as
pill-box kernel, out-of-focus etc. PSNR is defined for a
M ×N color image u as:

PSNR(u) = 10 log10

(
3 ·M ·N
MSE

)
dB

where MSE is the mean squared error between the
noisy image I and the current estimate u. Finally
snapshot results of other blur types tested are shown
in Fig. 4 to prove the the versatility of our scheme.
The last two shots were taken using a 6 mega-pixels
commercial digital camera (Fig. 4(c) left) and a 2
mega-pixels mobile camera (Fig. 4(d) left) respec-
tively. In particular Fig. 4(d) right image shows the
denoising case (no blurring), our scheme reduces to
FOR+TV and outputs a piecewise constant image with
a smoother look than edge-preserving TV scheme. This
is due to the Laplacian term (∆u−∆G%? I) in the pro-
posed scheme.

We used our FOR term in blind TV scheme [4, 3], it
can be added to any of the existing variational min-
imization problems [2] and also in anisotropic PDE
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based schemes [8] and defines our current and future
directions in this field. Also one can use a non-convex
FOR term ρ instead of the quadratic L2 norm used
here (4), for example TV L1 norm, and this poses in-
teresting challenges in proving the well-posedness of
the corresponding regularization in BV (Ω) space.

4 Conclusion

Ringing artifacts can hinder the restoration process
of digital images. We proposed a remedy by adding
an additional first order reaction term in the varia-
tional regularization to account for the artifacts. This
is accomplished by using a well-posed alternative min-
imization scheme which simultaneously finds an esti-
mate for the PSF and latent image. It reduces ringing
when noise is also present in the system by penalizing
big gradient differences. Numerical results show the
advantages of the term in real and noisy images with
different blur types.
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(a) Motion blur (length = 10, θ = 45◦) + noise σn = 10

(b) Out-of-focus blur + noise σn = 20

(c) Camera shot noise + unknown blur

(d) 2MP mobile camera image

Figure 4. Snapshots of different blur types:
(Left) blurred + noisy image (Right) Proposed
FOR+TV result.
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